Study of Holon Pair Condensation Based on the U(l) Slave Boson Approach to a 

Modified t-J Hamiltonian 
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In order to obtain a reasonable phase diagram involving hole-pair condensation for hole-doped 
cuprate systems, we propose a modified t-J Hamiltonian in which a Coulomb repulsion term between 
nearest neighbor holes is considered. We show from the investigation of free energy that holon pair 
condensation can occur as a result of symmetry breaking. In addition, we introduce a possibility 
of supersymmetry condition at T = OK in the intermediate region between the antiferromagnetic 
phase and the superconducting phase. 
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The U(l) slave-boson approach to the t-J Hamiltonian 
is often employed for the study of high T c cuprates. Ear- 
lier Kotliar and Liu studied a possibility of d-wave su- 
perconductivity as a result of d-wave spin singlet pair- 
ing and single boson condensation Q. In their study, 
they introduced the hole pairing order parameter as the 
product of spinon and holon pair order parameters, i.e. 
< CtfCji >=< fiifji >< b\bj > in the mean field ap- 
proximation pL Most recently, Wen and Lee proposed 
an SU(2) slave-boson theory of the t-J Hamiltonian and 
could not determine whether single boson condensation 
or boson pair condensation is favored for the supercon- 
ducting phase j^j . From the exact diagonalization study 
of the t-J Hamiltonian, Riera and Dagotto stressed that 
intersite hole-hole repulsion should be introduced into 
the t-J Hamiltonian in order to properly account for the 
binding energy of the hole pair j| . In the present study, 
by paying attention to the hole-doped cuprate systems 
we present a possibility of holon pair condensation and 
present a phase diagram which exhibits the spin gap 
phase and the superconducting phase based on a modi- 
fied t-J Hamiltonian. In addition, we discuss a possibil- 
ity of supersymmetry condition in an intermediate region 
between the antiferromagnetic phase and the supercon- 
ducting phase at T = OK. 

Satisfying the local U(l) gauge slave-boson representa- 
tion [EJ , H , we write the following modified t-J Hamilto- 
nian with the inclusion of an intersite hole-hole repulsion 
term(the third term) below, 
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tor; bi(b\), the holon annihilation(creation) operator; and 
rii, the electron number operator at site i. V in the third 
term is the strength of intersite hole-hole repulsion. Xi 
is the Lagrangian multiplier to enforce local single oc- 
cupancy constraint. is the electron spin operator at 
site i, Si = \y ia <T 'apfi/3 with (T a p, the Pauli spin matrix 
element. Unlike some other studies, in the present study 
we explicitly consider the intersite interaction term, riiUj 
in Eq.(|l|) above. 

The Heisenberg term in Eq.(Q) can be decoupled into 
Hatree-Fock-Bogoliubov channels in association with the 
direct, exchange and pairing interactions of spinons. By 
introducing corresponding Hubbard-Stratonovich fields, 
Pi i Xji an d ^ji {§ an d using rij = 1 — 6^ (with the ne- 
glect of double occupancy) , we obtain the effective Hamil- 
tonian from Eq.(hJ), 
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It is noted that the term, ^ 
the expression above represents the exchange interac- 
tion(Fock) channel. The last three terms come from 



the term, —jJ2 



Here fia(fj a ) is the spinon annihilation(creation) opera- i J^i b\bi 
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in the slave-boson representation) in 
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Eq. ([!]). The first term here shows the contribution of 
attractive interaction between holons in the system of 
antiferromagnetically correlated systems. Depending on 
emphasis, various forms of holon interaction potentials 
are mapped from the t-J Hamiltonian Q- 0]. In our 
case we consider the decomposition of the holon inter- 
action potential into the direct, exchange and pairing 
channels ||. The contribution of the direct interaction 
term will be embedded in the effective holon chemical 
potential, /i b . The exchange channel involves a large 
repulsive interaction of order U ~ as is seen from 

It S<i,i>(^^i)(^l^j) m Eq. (j2j) and is not readily acces- 
sible. We obtain for the hole pairing channel, 
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, (3) 
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with J v = J — AV . Here A& is the Hubbard-Stratonovich 
field for the holon pairing channel. J v represents an ef- 
fective intersite hole-hole attractive coupling. 

By allowing the saddle point approximation, we obtain 
the mean field Hamiltonian from Eqs.(j|) and ([|), 
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where =< /j^/fo + fj&j&i >, Aj =< / iT / n - 

/i-l/iT >. Aj, =< fo A >i Pi =< s « >> A*/ = Mo + - 
3 J/4 and ^ = i\i — ^ + V. Later pf will be taken to 
be as in Ref. For simplicity we allow uniform(site- 
independent) chemical potentials, fi{ — \J and fi b = /A 
Following Ubbens and Lee Q we now introduce 
the flux phase, Xji = X e±l9 where the sign +(— ) is 
along(against) the arrow indicated in Fig.l, and the 
pairing order parameters, A^ = A/e ±lT and Aj- = 

Abe ±lT , where the sign +(— ) is for the ij link paral- 
lel to x (y). Here A;,, Af and \ denote the absolute 
magnitudes. From now on the subscripts i and j will 
be deleted to allow uniform hopping and pairing order 



parameters. We introduce the Bogoliubov-Valatin trans- 
formation following the momentum space representation 
of the mean field Hamiltonian H MF in Eq.([|). The re- 
sulting diagonalized Hamiltonian is, 
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Here E[ and El s are the quasiparticle energies: 



for spinons and 

El = ^(el-^-^UT^) 2 , (7) 
for holons. Here the symbol definitions are, for <f> = 9, t* 



ih{4>) = V it cos 2 <j> + ifil sin 2 <(), , 



4s = 7^x6cW, 



e b ks = 2ts X tk(6), 
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where 7^ = (cos k x + cosk v ), (fik = (cos k x —cos k y ). Here 
e{ s and e b ks are the quasiparticle energies for spinons and 
holons respectively in the absence of pairing, Af — Af, — 
0. ctks{a\ s ) and f3k B {p\ s ) are the annihilation(creation) 
operators for the spinon quasiparticles, 'quasi-spinons' of 
spin up and spin down respectively, and hk s (h\ s ), the 
annihilation(creation) operators of holon quasiparticle, 
'quasi-holons'. ^ fc denotes a sum over half of the Bril- 
louin zone. 

From the diagonalized Hamiltonian in Eq.(|^), we read- 
ily obtain the total free energy, 

^=^((A / ) 2 + X 2 )-2fc B T J2 ln[co S h{(3E f ks /2)}- 
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By minimizing the above free energy, the amplitudes of 
the order parameters(x, Af and Ah) can be obtained as 
a function of temperature and doping rate. The chem- 
ical potentials at finite temperature can be determined 



2 



from |5 

j^j- = —N{1 — 5) for the spinons(quasi-spinons 
Eq.(ll) (in association with Eqs. (^) through (||)) 



TV 8 for the holons(quasi-holons) and from 

From 



wc 



note that the free energy is identical between the two 
sets of the phases of the hopping order parameter(x) and 
the pairing order parameters(A/ and A&): (1) 9 = 0, 
T f = tt/2, r b = and (2) 6 = tt/2, t* = 0, r b = tt/2 



(see Fig.l for their notations). The first set refers to 
the d-wave spinon pairing and the s-wave holon pairing 
and the second set, the s-wave spinon pairing and the d- 
wave holon pairing. In the present study we consider the 
first set in accordance with the experimentally observed 
d-wave spin gap phase 
Using Eq.([ll|), we obtain 
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It is gratifying to find that for the case of no holon 
pairing, that is, Ab = 0, Eq.(|l2|) leads to the satisfactory 
Bose-Einstein statistical relation ^ 1 



= ±1 /3(e 



N5 for free holons (quasi- holons). The free energy of the 
boson(holon pair) sector is from Eq.(ll) above, 



F»=^(A b f + k B T J2 Hl-e-^'] 

k.s=±l 
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This free energy is an even function of the complex 
holon pair order parameter, A^ = A b e ±tT , that 



is. 



F b (A b ,r b ) = F b (A b ,T b + tt), as can be verified from 
Eq.(14) in association with Eq.((7|). We readily see from 
Eq.@ that ^ = for A b = 0. This indicates that 
the free energy as an even function has a symmetry at 
A h = 0. 

It is now of great interest to see if this symmetry can 
be spontaneously broken, by investigating a possible ex- 
istence of a 'Mexican hat' form of free energy, that is, the 
< at a critical temperature and 



condition of |MJ 



A b =0 



a minimum of free energy at Af, ^ 0. We obtain from 



Eq.(13), 
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Here we examine the second term in the bracket of 
Eqs.jl^). £,k{T b ) is independent of temperature with a 
bounded value, < £fc(r b ) < 2. As temperature in- 
creases, the denominator e b ks — fi b increases due to the 
increased population of high lying levels £i,„. As a re 

suit this allows a possibility of §r£ 



ks- 

> 0. On the 



other hand, as temperature decreases, t\ 



decreases 



due to the increased population of low lying excitations 

< at a 



F 



= e ke , thus allowing a possibility of t ^ | 

critical temperature. This causes the instability of free 
holons against holon pairing at the critical temperature. 
Further the computed holon pair free energy in Eq.jJT^) 
yields its minimum at a finite value of the holon pairing 
parameter, A b ^ 0. Thus we find that the 'Mexican hat' 
form of free energy exists to cause holon pair condensa- 
tion as a result of symmetry breaking. 

Currently it is of great interest to predict observed 
phase diagrams (Fig. 2., Q|) involving both the spin 
gap(pseudo gap) and superconducting phases. In Fig. 3 
we display a computed phase diagram obtained from the 
minimization of the free energy in Eq. (|ll|) with respect 
to the order parameters, X: Aj and A;,. Encouragingly, 
with the inclusion of the Coulomb repulsion term (de- 
noted as Ty^) we were able to obtain at J = 0.2t a 
phase diagram with reasonable values of optimal doping 
rate and critical temperature, as is shown in Fig. 3. This 
is in qualitative agreement with observation (?]]. Here 
V = 4.99 x 10~ 2 t was used for the hole-hole repulsion 
energy. However, with the neglect of this Coulomb re- 
pulsion term, i.e. V — (denoted as T v=0 ), it was 
impossible to fit the experimentally observed phase di- 
agram. 

Thus far we examined the free energy at finite tem- 
peratures, T by paying attention to the spin gap 
and superconducting phases. It is now of interest to ex- 
amine at T = OK the intermediate region between the 
antiferromagnetic phase and the superconducting phase. 
Choosing the case of equality between the spinon quasi- 
particle energy and_the holon quasiparticle energy, that 
is, E\ 



f _ 



E ks 



Eq. (||) leads to 



Hsusy = E ks (gl s g ks + h\ s h ks ), (16) 



E b is 



with g ks = a ks or (3 ks . The equality, E } ks 
satisfied under the condition of A/ = A b = 0, x = 



3 



and /j/ = /i b . The above Hamiltonian is now realized as 
a SUSY(supersymmetry) Hamiltonian. This is because 
the SUSY algebra {Q,Q} = Hsusy is satisfied with 

the supercharge operator, Q = s _ 



k,s- 

s 9ks ) It is of great interest to experimentally verify 



the SUSY condition at T = OK, i.e., A/ = A 6 = 0, x = 
and pj — The SUSY condition may be observed in 
the intermediate doping region (i.e. 8a. f. < 8 < 8a. f. 
in Fig. 2) between the antiferromagnetic phase and the 
superconducting phase at T = OK. 

In the present study, by proposing a modified t-J 
Hamiltonian with the inclusion of intersite Coulomb re- 
pulsion term, we were able to obtain a reasonable phase 
diagram for the hole-doped cuprate systems. We found 
that the U(l) slave-boson theory of the t-J Hamiltonian 
in its original form (with the neglect of the repulsion 
term) can not reproduce the superconducting phase for 
the hole-doped cuprate systems. We showed from the in- 
vestigation of the free energy in Eq.(pT|) that holon pair 
condensation can occur as a result of symmetry breaking. 
The d-wave hole pairing can be realized from the mean 
field account of < c^-c^ >=< /jf/jj. >< >• It can 
arise with the s-wave holon pairing (< bjfrt >) under the 
condition of the d-wave singlet pairing (< f%-[fj\, >)• Fi- 
nally, we introduced a possibility of supersymmetry con- 
dition at T — which may exist in the intermediate 
region between the antiferromagnetic phase and the su- 
perconducting phase. It is of great interest to see its 
experimental verification in the future. 
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FIG. 1. Phases of hopping and pairing order param- 
eters, (a) +6(— 6) along(against) the arrow on the chain, 
(b) +t(— t) in the chain of x(y) direction(Ref. [4]). 
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FIG. 3. Computed phase diagram. T v=0 is the 
holon pair condensation temperature for V = and 
Ty^ , the holon pair condensation temperature for 
V = 4.99 x 10~ 2 t. 
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